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3 Scientific goals and methods

Symmetry is a central notion in all of science and nature. The abstract study
of symmetry at least goes back to the ancient Greeks’ fascination with the
Platonic solids, and has in modern day evolved into the mathematical disci-
pline of group theory. The symmetries of a geometric object, or topological
space, are however not stable under deformation, or homotopy: Whereas
a perfectly round sphere has all rotational and reflectional symmetries, de-
forming the sphere slightly destroys these symmetries. The center aims to
reconcile this, combining the mathematical disciplines of group theory and
homotopy theory, including non-commutative theory, in a novel way, to study
symmetry deformation-invariantly.

We pose the following broad questions:

• Given a geometric object, what kind of “intrinsic”, deformation invari-
ant, symmetries does it possess?

• What are the possible abstract symmetries, integrally and at a prime
number p?

Our study can be divided up under the following headings:

(A) Homotopical group theory.

(B) Symmetry of manifolds.

(C) Symmetry and deformation of non-commutative manifolds.

We will describe the content of these headings later in this section, where we
for each heading describe three subheadings, each culminating in a Scientific
Goal, for a total of nine scientific goals.

....

(A) Homotopical group theory

The underpinning of homotopical group theory is the observation that to
an abstract collection of symmetries G, one can associate a geometric, or



topological, object, the classifying space BG, whose deformations one can
then study, shedding light on both symmetry and topological spaces. This is
an internationally very active area, invigorated by recent progress [32, 46, 1,
48, 7, 4, 19, 16, 17, 5], a significant part of which is due to Grodal, Møller,
Pedersen, and their collaborators.

A p-compact group is a generalization of a (connected) compact Lie group,
and a p-local finite group is a generalization of a finite group, but with all the
structure concentrated at a single prime p. The classification of p-compact
groups has recently been settled by Grodal and collaborators [7, 6, 5], where
they show that there is a 1-1 correspondence between connected p-compact
groups and root data over the p-adic integers. We here pose the related, but
perhaps even harder and more fundamental question: What is the classifica-
tion of p-local finite groups? We likewise pose the question of in how many
ways does a p-local finite group act on a finite complex X? The starting
point, the case when G is a finite group and X is a sphere, has already been
examined by the center leader in collaboration with J. H. Smith [48]. We fur-
thermore propose to extend the homotopical theory of p-compact groups to
also include classes of infinite groups including loop groups and Kac-Moody
groups. The solution to these questions constitutes an important step in
understanding symmetry. We now elaborate on the different points:

(A1) p-local finite groups and their relationship to group
and representation theory

It has long been the goal in finite group theory to obtain a truly local theory,
which deals with just one prime at a time. Fueled by technical advances in
homotopical group theory, a theory is now emerging which does exactly this,
the theory of p-local finite groups. It furthermore appears that there are close
links between this theory and fundamental questions in finite group theory
such as the classification of finite simple groups and the conjectures about
modular representations of Alperin [3] and Broué [20]. There is substantial
hope that the added flexibility provided by homotopy theory can aid in pro-
viding a solution, as well as shed considerable light on these issues. Grodal
has so far been one of the leading persons in the development of this theory,
and Møller has also made substantial contributions.

A goal of the center is to provide ground-breaking results with this new
theory, which we now describe in more detail. The starting data is a fusion
system, that is a finite p-group S together with a category F , which declares
certain subgroups of S to be conjugate, mimicking the structure inside the
Sylow p-subgroup of a finite group. This structure, which originated in un-
published notes by Puig in the 90’s, got off the ground when a connection
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to homotopy theory was suggested by D. Benson, and brought to realization
by Broto-Levi-Oliver [19]. They define a p-local group as a certain category
L possessing a bit more structure than is present in a fusion system (S,F),
which can be described as a certain rigidifying 2-cocycle. The category L can
also be thought of as an orbispace or complex of groups, and in good cases it
is a global quotient of a finite group G acting on a building ∆, constructed
as the nerve of the poset of so-called principal p-radical subgroups of G.

There has already been a significant progress in understanding the p-
local theory, with [16] and [17] being amongst the fundamental contribu-
tions. With respect to classification, the hope is that a 2-local version of the
classification of finite simple groups should be very close to the group case:

Prove (or disprove) that the Solomon fusion systems Sol(q) are the only
simple 2-fusion systems which do not come from finite simple groups.

The Solomon p-local finite groups Sol(q) arise as homotopy fixedpoints on
the Dwyer-Wilkerson 2-compact group DI(4), which by the Andersen-Grodal
classification of 2-compact groups is known to be the only exotic 2-compact
groups. There are several different approaches to proving this conjecture,
which gained momentum at a Copenhagen workshop in Summer 2007. All
approaches involve a fruitful mix of group theory and homotopy theory, and
would also locate additional 2-local finite groups, should such exist.

Our next goal is to pass from local to global structure. It has long been ob-
served empirically in group theory that “generically” finite simple groups are
determined by their p-local structure at just a single prime p, or sometimes
even by their Sylow p-subgroup. Grodal and Oliver [47] give a homotopical
explanation for some of these local-to-global results in the language of p-local
finite groups, showing that the fundamental group π1(L) of the p-local finite
group associated to a group in many cases in fact recovers the group. For
instance this is the case for many of the large sporadic groups at the prime
2, including the Monster. The more general theorem we aim at as has the
following structure.

Prove that a p-local finite group of characteristic p type and rank at least
three (perhaps subject to additional technical hypothesis) has to come from a
finite group, and that the group can be recovered as π1(L).

This is in contrast to the non-characteristic p case, which will be discussed
below. The above project can be seen as a topological analog of Meierfranken-
feld’s program in finite group theory, and the Grodal-Oliver calculations [47]
verify this in a number of specific cases. The center plans to attack the
general conjecture from both geometric and algebraic angles. We likewise
plan to further explore connections to the theory of exotic geometries and
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amalgams.

The theory of p-local groups touches the theory of arithmetic groups and
geometric group theory in several ways, in particular when considering a p-
local finite groups associated with finite groups of Lie type in characteristic
different from p. Gluing finite groups together can give surprising infinite
groups, a celebrated example being Serre’s description of the infinite group
SL2(Z) as an amalgam of finite groups. In the same vein, but more generally,
Grodal-Oliver have recently proved that π1(L2(SOn(Fq))) = SOn(Z[1

2
]) when

n ≤ 8 and q ≡ 3, 5 mod 8. While it seems unlikely that one gets an S-
arithmetic group in all generality, it strongly suggests that the fundamental
group is an interesting group also in the case where it is infinite. We are
therefore led to:

Explore the homotopical and geometric group theoretic properties of the
group π1(Lp(G(Fq))) when G(Fq) is a finite group of Lie type of characteristic
different from p.

The answer should be related to the failure of an old conjecture of Quillen
about the cohomology of certain S-arithmetic groups.

Another interesting invariant is the Euler characteristic, which can be
defined for a p-local finite group using Leinster’s definition of the Euler char-
acteristic of an EI-category, which agrees with the Euler characteristic of
an orbifold or stack, when both are defined. In line with K. Brown’s cele-
brated theorems about finite subgroups in arithmetic groups, this prompts
the following:

Use the Euler characteristic of p-local finite groups to examine the sub-
group structure of finite and infinite groups, and determine the homotopy
type of their associated buildings.

It might be required in this connection to enlarge the class of p-local
finite groups, e.g., by working in the framework of p-local compact groups.
We summarize the main goal of (A1):

Scientific Goal (A1): Develop the theory of p-local finite groups as
defined in [19] with the goals of obtaining a classification as well as local-to-
global results, and use this to simplify and conceptualize the classification of
finite simple groups, and solve fundamental conjectures in modular represen-
tation theory, using the tools developed in [16], [17], [47] among others.
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(A2) Group actions via homotopy theory

Recall that for a space X, Aut(X) denotes the group-like topological monoid
of self-homotopy equivalences of X. The homotopy classes of maps of classi-
fying spaces BG→ BAut(X) classify the actions of G on spaces X ′ homotopy
equivalent to X, where two actions are considered equivalent if they are con-
nected by a zig-zag of G-maps which are homotopy equivalences. Studying
these actions can be carried out one prime at a time, with integral results
recovered using Sullivan’s arithmetic square.

In [48] Grodal and Smith study these actions in the case where X is a
sphere providing, in this case, a basically complete answer for all finite groups.
They prove that the orientation character together with the dimension func-
tion (given by taking homotopy fixed points of p-subgroups), determine the
action uniquely, and furthermore show that a given dimension function can
be realized if a certain algebraic model exists. The methods lend themselves
to deal with more general questions. These questions are:

What is the group theory of the topological group Aut(X)? Does it have
a Lie theory like p-compact groups? What are the finite subgroups? Is there
an upper bound on the rank of a finite group which can act homotopy freely
on X?

Does the main result of Grodal-Smith [48] also hold for other interesting
classes of spaces besides spheres? Can the results of Grodal-Smith be rigidified
to give actions on finite dimensional complexes, or topological or smooth
manifolds?

It seems likely that our results give more natural approaches to older
results of tom Dieck and others [73] and this would be interesting to work
out (perhaps for a graduate student?). The method of Grodal-Smith goes
via associating to X the functor on the p-orbit category which sends a G-
set G/Q to the chains on the homotopy fixed points C∗(CX

hQ, XhQ; Zp),
proving that this is a finite chain complex of projective functors, with one-
dimensional homology, and that such chain complexes can be classified and in
fact determine X uniquely. If one drops the assumption that X is homotopy
equivalent to a sphere the homology will of course not be one dimensional, but
many of methods still make sense, though the algebraic information cannot
be expected to determine X unless one adds more data. The question is
challenging even under strong assumptions on X, and the case where X is
homotopy equivalent to a product of spheres is already extremely interesting.
The question whether every rank two group acts freely on a finite complex,
homotopy equivalent to a product of two spheres, is for instance still open
despite recent progress [1]. We summarize the main goal of (A2):
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Scientific Goal (A2): Study and classify actions of groups on finite
complexes, up to homotopy, employing the methods developed by Grodal-
Smith [48], where they solved the case of a sphere.

(A3) The homotopy theory of loop groups, and affine
p-compact groups

The theory of compact Lie groups is a cornerstone in mathematics. With the
classification of p-compact groups now complete, the question arises which
of the generalizations of the notion of a compact Lie group admit homotopy
theoretic interpretations? Since these generalizations play a key role in many
parts of mathematics, as well as physics, this is of great theoretical as well
as practical interest.

Kac-Moody groups, which are infinite dimensional generalizations of com-
pact Lie groups, were introduced by Kac and Moody, independently, in the
late 1960s, from motivations in algebra and physics. From an algebraic view-
point this generalization of compact Lie groups is rather natural, relaxing the
condition on the Cartan matrix slightly. But from a geometric or topological
viewpoint, the story is more subtle, due to the fact that most of these groups
are not known to be symmetries of any concrete algebraic structure.

Are Kac-Moody groups the homotopy symmetries of some homotopical
structure?

The first step in the study of Kac-Moody groups from the viewpoint
of homotopy theory was taken by Kitchloo in his thesis [56] and expanded
in e.g., [18] and [2]. However these sources do not take advantage of the
full power of the recent p-compact group machinery, such as the theory of
Zp-root data for p-compact groups developed by Dwyer-Wilkerson [33] and
Andersen-Grodal [6], and it seems like the theory of p-compact groups is now
fully enough developed to warrant a systematic attack on the more general
case. The current team has significant expertise in the p-compact group
theory, starting with perhaps the most pressing issue:

Give a homotopy theoretic proof that every Kac-Moody group has a max-
imal torus, unique up to conjugacy.

A difficulty lies in that the homogeneous space K/T is no longer compact,
but since its cohomology is still locally finite as a module over the Steenrod
algebra, part of the p-compact proof should go through.

Some calculations have been done in particular in the rank two indefinite
case, but a relatively basic, yet extremely interesting case waiting to be
worked out is the theory of affine p-compact groups, as for example the loop
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group of a p-compact group. More precisely, one would want to consider
the Borel construction (LBX)hS1 , where L denotes free loop space, and the
Borel construction is with respect to the rotation action. This space has an
obvious torus of rank one more than the rank of X, and it appears to be
unique up to conjugacy, with Weyl group the p-completion of the affine Weyl
group of X.

Free loop spaces on classifying spaces of p-compact groups are of interest
e.g., in string topology, and it is known that their cohomology ring carries the
structure of a Batalin-Vilkoviski algebra (see (B1)). Furthermore the ground-
breaking work of Freed-Hopkins-Teleman has established a close connection
between twisted equivariant K-theory with respect to a compact Lie group
and the Verlinde algebra. Part of this story is purely homotopy theoretic,
and should generalize to a wider setting. Since the K-theory picture has very
strong links to non-commutative topology and geometry (see e.g., (C1)), the
current teams diverse background can be expected to be a great aid. We
summarize the main goal of (A3).

Scientific Goal (A3): Extend the theory of homotopy Lie groups and p-
compact groups to also include homotopical versions of loop groups and Kac-
Moody groups, building on the classification of p-compact groups of Andersen-
Grodal-Møller-Viruel and Andersen-Grodal in [7, 5].

(B) Symmetry of manifolds

A manifold is a space which locally looks like standard n-dimensional Eu-
clidean space. They occur throughout science, and are used for example to
model physical or economical systems, or concurrency in computer science.
The group of smooth symmetries of a manifold, its diffeomorphism group,
contains essential structural information, and our objective is to understand
it. Our main tools are classifying spaces of geometric objects on which the
diffeomorphism group acts, as well as modern versions of K-theory.

The study of deformation invariant properties of diffeomorphisms has a
long history in mathematics, for surfaces reaching back a century to the work
of J. Nielsen and others. During the last decade the study of surfaces has
seen a spectacular revival, due to the influx of new techniques bridging across
the fields of geometric topology, complex analysis and algebraic geometry. A
key object of interest is the moduli space Mg of Riemann surfaces of genus
g. This space classifies families of Riemann surfaces, but is, by Teichmuller
theory, also a classifying space for the diffeomorphism group of a surface of
genus g.

One focal point in the very recent developments is the Mumford con-
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jecture, describing the homology of Riemann’s moduli space in a range of
dimensions, the so-called stable range. Ib Madsen solved in 2002, together
with Weiss, a far-reaching geometric generalization of the conjecture [60].
This has lead to a number of further striking developments: Wahl proved
the non-orientable version of Mumford’s conjecture [77], Galatius solved the
long standing question about the stable homology of the space of graphs [42],
and Cohen–Madsen proved a Mumford conjecture for Riemann surfaces with
a map to a background space [26]. The center aims to capitalize on these
breakthroughs by its team members.

(B1) Symmetry of Riemann surfaces.

For a surface S, let Diff(S) denote the topological group of diffeomorphisms
that fix the boundary. Its classifying space BDiff(S) is, roughly speaking,
deformation equivalent to Riemann’s moduli space Mg. The Madsen-Weiss
theorem asserts that a certain map,

α : BDiff(S)→ Ω∞MT (2)

becomes a homology equivalence as genus(S) tends to infinity [60]. The
homology of the right hand side was computed by Galatius in [43].

The connected components of Diff(S) are contractible [34] and BDiff(S)
becomes homotopy equivalent to the classifying space of the mapping class
group Γ(S) = π0Diff(S), bringing the study of BDiff(S) in close contact with
geometric group theory. We would like to provide a cohomological study of
the Torelli subgroup I(S) ⊂ Γ(S) based on the results above. In particular,
since the rational cohomology of Ω∞MT (2) is a polynomial algebra in specific
classes κi of degree 2i, the solution to the Mumford conjecture raises the
following problem:

Decide if κ2i maps to zero or not under the map from H∗(BΓ(S)) to
H∗(BI(S)), as genus(S) tends to infinity.

This is connected to deep questions about representations of algebraic
groups.

In algebraic geometry and in mathematical physics, it is not only the mod-
uli space Mg that is studied; often more important is the Deligne-Mumford
compactificationMg. It is consequently of great importance to come to grips
with Mg in homotopical terms. Eliashberg and Galatius have begun such
a study by exhibiting a space Ω∞MFL(2), similar in spirit to the Madsen-
Weiss space Ω∞MT (2), to whichMg maps. We propose to carry this further:

Determine the image of the 6g − 6 dimensional fundamental class [Mg]
in H∗(Ω

∞MFL(2)).
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Algebraic geometers have studied the moduli space Mg as a subspace of
the orbit space Ig = Zg/Spg(Z) of the Siegel upper half-space via the period
map. There are interesting compactifications Ig of Ig and associated period
maps from Mg into Ig. We propose to

Study the cohomological aspects of the period maps from Mg to Ig.

The simplest case is the Satake compactification of Ig whose stable ratio-
nal cohomology was studied in [23], using “classical” K-theory techniques,
and it is interesting to relate the calculations in [23] to exotic forms of topo-
logical cyclic homology, cf. (B3).

Another area where the homology of Mg plays a crucial role is homo-
logical conformal field theory (or HCFT). An HCFT is a monoidal functor
from a category H∗C2 to graded vector spaces, where H∗C2 is obtained from
the cobordism category C2 of embedded 2-manifolds in R∞, by taking the
homology of the spaces of morphisms —it is the homological shadow of a
conformal field theory. An HCFT is in other words given by a graded vector
space V equipped with action maps

H∗(BDiff(Sg,n+m))⊗ V ⊗n → V ⊗m

which are compatible under gluing surfaces. Examples of such structures
have been constructed on the homology H∗(LX) of the free loop space LX
on X for X a manifold or X = BG with G compact Lie or p-compact group,
and on the Hochschild homology HH∗(A,A) of a Frobenius algebra. (See
[24, 25, 31, 41, 45, 58] as well as recent work of Hopkins-Lurie.)

The genus zero part of an HCFT is well-understood: it gives rise to
a Batalin-Vilkoviski (BV) and co-BV structure on the graded vector space
V . The degree zero part H0(BDiff(Sg,n+m)) gives a commutative Frobenius
algebra structure on V . But the rest of the structure is poorly understood,
and appears to often be essentially zero when calculable. Our goal is:

Explain why a large part of the structure in an HCFT coming from higher
genus seems to be trivial.

A hope is that this will give new insights on the homology of BDiff(S).
A source of examples is the Hochschild homology of Frobenius algebras.

Here, by recent work of Wahl-Westerland, we expect that the algebra should
be neither strict nor homotopy commutative to give rise to interesting higher
genus actions. In non-commutative geometry, such algebras can be found in
the non-commutative analog of the cohomology of manifolds [72]. Another
source of examples is the theory of subfactors in von Neumann algebras, e.g.,
in the work of Ocneanu.
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Scientific Goal (B1): Study the cohomological properties of the moduli
space of Riemann surfaces, and of related spaces.

(B2) Symmetry of 3-dimensional manifolds.

Galatius-Madsen-Tilman-Weiss [44] proved a generalization of the Madsen-
Weiss theorem which holds for manifolds of any dimension d. Let Cd denote
the embedded cobordism category of d-dimensional submanifolds of R∞. The
main theorem of [44] yields a homotopy equivalence

ΩBCd
'→ Ω∞MT (d)

for all d, where MT (d) is a certain space constructed from the Grassmannian
of d planes in R∞.

For d = 2, the Madsen-Weiss theorem then follows since Harer’s stability
theorem implies that BDiff(S) → ΩBC2 is a homology isomorphism in a
range. This is only available for d = 2, and for arbitrary d the relationship
between ΩBCd and diffeomorphism groups of d-manifolds is still a wide open
question.

However for d = 3, recent breakthroughs make the matter ripe for an
investigation. First, the solution of the Poincaré conjecture by Perelman tells
us that there are no exotic 3-manifolds. Second, the Hatcher-Wahl theorem
[50] says that the mapping class groups of 3-manifolds satisfy a very general
stability theorem.

The Hatcher-Wahl theorem from [50] is about the mapping class group
Γ(M) = π0Diff(M) of 3-manifolds. It says that the group H∗(BΓ(M)) sta-
bilizes under connected sum, and boundary connected sum in the irreducible
case, with any other 3-manifold N . To be able to apply the Madsen-Weiss
techniques, we however need the stability to hold for the actual diffeomor-
phism group Diff(M). In three dimensions, contractibility of the components
of the diffeomorphism groups is satisfied by most irreducible 3-manifolds, but
fails in general, so that BDiff(M) is not in general homotopy equivalent to
BΓ(M). A possible way of reconciling this is to consider not the whole
cobordism category C3, but a smaller category consisting of only irreducible
3-manifolds with composition corresponding to boundary connected sum.
The easiest example of such a category is the handlebody category. The goal
is to

Construct a homology equivalence ΩBC ′3 → Ω∞E3 in the spirit of [44], for
a cobordism category C ′3 of irreducible 3-manifolds and a computable infinite
loop space Ω∞E, and use it to compute the stable homology of the diffeomor-
phism groups of (a class of) irreducible 3-manifolds via the Hatcher-Wahl
theorem.
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To attack a reducible 3-manifold M one can use its prime decomposition
M = P1# . . .#Pk. The prime summands only determine M up to diffeo-
morphism and one can construct a space C(M), whose points correspond
to all the manifolds obtained from P1, . . . , Pk by connected sum. There is a
fibration

ΩC(M)→ Diff(M)→
∐

i

Diff(Pi)

relating the diffeomorphism group of M to that of its prime summands [51].
We propose to use the space C(M) to pass from irreducible 3-manifolds to
the general case. With this discussion we state our scientific goal.

Scientific Goal (B2): For cobordism categories C ′d of embeded d-manifolds
Md, investigate the map BDiff(Md) → ΩBC ′d via homological stability, and
construct homology isomorphisms ΩBC ′d → Ω∞Ed to a computable infinite
loop space in the spirit of [44], focusing in particular on the case d = 3.

(B3) Algebraic K-theory and classification of manifolds.

Algebraic K-theory studies properties of invertible matrices with entries in
an arbitrary ring R via topological properties of a space K(R). The homo-
topy groups of K(R) are Quillen’s higher K-groups, and their structure is
related to deep questions in number theory. Furthermore the topology of
K(R) is intimately related to essential questions in the theory of manifolds.
Waldhausen’s “algebraic K-theory of spaces” A(X), inspired by K(R), was
defined as a tool to study manifolds. For many years, this was a mysteri-
ous object, but the introduction of topological cyclic homology TC(X) by
Madsen and coauthors [12, 52] was a dramatic change which made A(X)
effectively understandable in terms of Quillen’s K-groups.

The cobordism category of embedded manifolds Cd, studied in [44], presents
another way of studying diffeomorphism groups of general manifolds, and
the connection between these two viewpoints is poorly understood. In the 2-
dimensional case, calculations reveal a mysterious and unexpected connection
between Riemann’s moduli space of surfaces Mg, or ΩBC2, and topological
cyclic homology: after profinite completion,

TC(∗) ' Ω∞S∞ × Ω∞ΣMT (2),

where MT (2) is the spectrum from the Madsen-Weiss theorem (see B1). It
hence seems plausible that there should be a more concrete and geometric
relation between Riemann’s moduli space and topological cyclic homology.

The manifolds classically studied using algebraic K-theory are higher
dimensional manifolds (of dimension at least 5) and one can ask the above
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question in the more general context, but the prerequisite question is to be
able to relate diffeomorphisms of manifolds to cobordism categories, as was
proposed in (B2).

The functor TC is in part a tool to ease the calculation of algebraic K-
theory, both for rings and spaces. We mentioned in (B1) the embedding of
Mg in the moduli space Ig = Zg/Spg(Z) and its various compactifications
Mg → Ig. The stable rational cohomology of Ig was determined in [23].
This raises the following problem

Introduce a hermitian version TSp of topological cyclic homology which
relates to symplectic K-theory KSp.

A calculation of TSp(Z) should reveal torsion phenomena in H∗(Ig).
We sum up our main

Scientific Goal (B3): Relate Riemann’s moduli space and the stable map-
ping class group of surfaces to algebraic K-theory and topological cyclic ho-
mology, and their generalizations. Investigate the higher dimensional situa-
tion.

(C) Symmetry of non-commutative manifolds

Symmetry in nature is not always apparent. Chemists for example have
discovered that sending light through certain crystalline materials produces
diffraction patterns that look symmetric from a distance, but are not actually
symmetric when looked at more closely. The problem is related to quantum
mechanics, and non-commutative geometry models such a situation by defin-
ing a new kind of space—a non-commutative space—whose coordinates do
not commute. The almost symmetries observed above are the symmetries of
the non-commutative space.

Non-commutative notions were introduced into topology and geometry
via quantum mechanics, and appear as non-commutative C∗-algebras which
are algebras of “functions” on geometric structures. They can be found in
different disguises, both as non-commutative differential spaces, where oper-
ator algebraic methods play a major role, and via deformation of ordinary
spaces. The non-commutative notion of symmetry is given by coactions of
quantum groups, and occurs in many mathematical and physical systems
[27, 38].
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(C1) The Baum-Connes Conjecture and KK-theory as a triangu-
lated category

One of the most active and mathematically interesting areas of contact be-
tween topology and non-commutative geometry is a set of far reaching con-
jectures, called the Novikov and Borel conjectures by topologists and the
Baum-Connes conjecture by operator algebraists.

Borel’s conjecture says that two closed n-manifolds with contractible uni-
versal covers and equal fundamental groups are homeomorphic. This conjec-
ture is usually attacked through surgery theory, which reformulates it as the
statement that the so-called assembly map

A∗ : L∗(BΓ)→ L∗(ZΓ)

is an isomorphism. Here Γ is a discrete group (the fundamental group of
the manifold in question), ZΓ its group ring and L∗ is a homology theory,
which, analogously to K-theory, is defined for both spaces and rings. The
Novikov conjecture can be formulated as saying that A∗ is injective after
tensoring with the rationals, and the Baum-Connes conjecture in its simplest
form concerns a similar assembly map for topological K-theory, where ZΓ
is replaced by the reduced group C∗-algebra C∗r (Γ) and L∗(BΓ) by the G-
equivariant K-homology KG

∗ (C).
A most successful approach to these conjectures in the topological case,

developed by Pedersen and others, is the technique called controlled topology
[22, 40], which lead for example to the recent proof of the Farrell-Jones
conjecture, an algebraic variant of the Baum-Connes conjecture, in the case
of Gromov’s word hyperbolic groups [8].

It seems highly unlikely that these conjectures are true for all groups, but
we want to

Explore, for which finitely presented torsion free groups the assembly maps
in K- and L-theory and the Baum-Connes map are isomorphisms.

KK-theory is a bivariant homological functor on the category of C*-
algebras, constructed by Kasparov originally to apply it to Novikov’s conjec-
ture. There is in fact a strong connection between controlled topology and
KK-theory [53]. KK-theory turned out in addition to be a very effective
tool in applications to the study of the structure of C*-algebras (see (C3)).

The major advantage ofKK-theory is the existence of the Kasparov prod-
uct, KKG(A,B)×KKG(B,C)→ KKG(A,C), which allows to define a KKG
category with objects C*-algebras and morphisms given by KKG

0 -groups.
Here G can be a locally compact (quantum) group or a groupoid. KKG is
the most natural domain for the assembly map. Meyer and Nest introduced a
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triangulated structure on KKG and proved that, for a locally compact group
G, the equivariant K-homology is a derived functor of crossed product, and
the Baum-Connes assembly map is the canonical natural transformation to
the K-theory of the reduced crossed product. This both clarifies the relation
between various constructions of the assembly map, and also opens the way
to extending the construction of assembly maps in other directions. For ex-
ample it gives a direct possibility of formulating Baum-Connes’ conjecture
for quantum groups. The existing partial results in the later case already
have non-trivial implications for actions of compact connected groups [66].

For further applications to for example the Borel conjecture, a first im-
portant step is the following:

Use the ideas from [53] to construct a triangulated category structure on
controlled topology categories with coefficients in abelian (C*)-algebras, and
apply the methods of [65, 62] to study the algebraic assembly map.

To summarize

Scientific Goal (C1): Apply methods derived from KK-theory and non-
commutative classifying spaces, as well as from controlled topology, to study
the algebraic assembly map and the Borel conjecture.

(C2) Index theorems and deformation quantization

Index theorems for pseudo-differential operators have been described as one
of the most important discoveries of the 20th century mathematics. They
provide a relation between analytic data concerning solutions of systems of
differential equations on a manifold M , and topological data given by charac-
teristic classes of bundles on its cotangent space T ∗M . Since the original re-
sults of Atiyah and Singer in 1963, both the context in which index theorems
are proved, and their applications, cover now a variety of different situations,
from mathematics to solid state physics (see for example [10, 54]). An index
theorem for formal deformations of symplectic manifolds has even had appli-
cations in the chemistry of large molecules [49]. Methods of non-commutative
geometry, culminating in the works of Connes and others [27, 30, 28], have
played a major role in this development.

To prove index theorems, one considers an algebra A of operators and
performs calculations in two steps, one involving a Chern character from K-
theory to the periodic cyclic homology HCper

∗ (A), and the other a pairing
between HCper

∗ (A) and the trace on A. The computation of an index formula
is then usually performed by replacing the algebra A by some algebra of
asymptotics (or symbols) Aasympt. These algebras are usually deformation
quantizations of Poisson manifolds. They are often local, and hence sheaves
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of algebras.
By the celebrated formality theorem of Kontsevich [57], the deformation

quantizations of C∞(M) are classified by formal Poisson structures on M .
Given such a formal Poisson structure P and denoting by AP the deformed
algebra corresponding to P , one may view the index theorem for AP as an
expression of the (negative) cyclic homology of AP in terms of differential
calculus on M . No general such formula is yet available, though the sym-
plectic, Lie algebroid and holomorphic cases were worked out by Fedosov,
Nest-Tsygan and Bressler-Nest-Tsygan [39, 67, 15]. The methods developed
in these cases were also used to prove the Atiyah-Weinstein conjecture [59].

A first specific goal for this part of the project is to obtain such a general
result in the context of Fourier Integral Operators,

Prove an index theorem for Fourier Integral Operators.

The algebraAasympt will be here a deformation quantization of the algebra
of integral operators along the leaves of the characteristic foliation. We note
that, in this case, the symbol algebra is not a deformation of a commutative
algebra and that, moreover, instead of a sheaf, one ends up with a stack of
algebras. Hence a large part of the standard approach does not apply directly
to this context.

The characteristic classes involved in the putative final form of the in-
dex theorem were constructed in [14]. These are characteristic classes of
twisted modules over a stack of algebras on a manifold M . The target of
the Chern character is the cohomology of a sheaf Matrtw(AP ) of twisted ma-
troid algebras over a base space M , determined by the characteristic class of
the stack. The construction provides in fact the Chern character from the
Grothendieck group of twisted perfect complexes which are locally acyclic
outside Z, Kperf

Z (AP ), to the cohomology with supports with values in the
negative cyclic homology, H0

Z(M,CC−∗ (Matrtw(AP ))) (see [13]).
Applications to complex analysis require a proof of the following state-

ment:

The Chern character on Kperf
Z (AP ) factors through the non-commutative

analog of Deligne cohomology [9].

The above should apply to define Chern-Simon classes of D-modules and
allow to generalize Riemann-Roch theorems for the determinant bundle of
cohomology.

We finally want to study Riemann-Roch and index theorems for gerbes.
Suppose that A is a stack of algebras on M and let M be a gerbe corre-
sponding to the class c ∈ H2(M,O∗M). One would like to find a cohomolog-
ical formula for the Euler characteristic of M, presumably in terms of the
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Chern character of M as constructed above. In general, there is however
no analog of the sheaf of differential operators, which is indispensable to
the approach to Riemann-Roch theorem via deformation quantization. The
situation changes significantly if A is an Azumaya algebra, i.e. when the
boundary of c is a torsion class in H3(M,Z). In this case one can define the
stack of twisted differential operators D(A) and the recipient of the Chern
character becomes the usual cohomology of M . We intend to

Prove a general index theorem for formal deformations of (algebraic)
stacks.

Partial cases involve the Atiyah-Singer index theorem, the Kashiwara in-
dex theorem for holonomic D-modules, the Boutet de Monvel index theorem
for boundary value problems and the fractional index from [61].

The local index theorem from [30] involves a version of non-commutative
differential calculus which is related to the one obtained via formal defor-
mation quantization, but the exact nature of this relation is not very clear.
It would be very important to investigate this relation, which should clarify
why formal index theorems have the Grothendieck-Teichmüller group as a
group of symmetries, while in the approach of Connes-Moscovici the sym-
metries seem to be related to an action of the motivic Galois group [29]. To
summarize

Scientific Goal (C2): Extend the results on index theorem, both formal and
analytic, to the general context of Fourier Integral Operators and algebraic
stacks.

(C3) Classification of C∗-algebras

C∗-algebras emerged in the 1930’s and 1940’s as a way to model quantum
mechanics and as a tool to study group representations. In 1959, Glimm
classified the collection of simple C∗-algebras that arise as inductive limits of
matrix algebras, by an invariant known today as the K0-group. This result
revealed that C∗-algebras in themselves posse a beautiful structure waiting
to be discovered. Today, a lot more is known about simple (and non-simple)
C∗-algebras, both in terms of their classification, via the Elliott classification
program that seeks to classify nuclear C∗-algebras by K-theory and other
invariants [37, 70], and in terms of their structure.

Until the mid 1990’s classification—as proclaimed by Elliott—appeared
to be possible, and at a more structural level all known simple C∗-algebras
were either stably finite, i.e., admit a (quasi)trace, or purely infinite. (These
two concepts are the same on exact C*-algebras by a fundamental result of
Haagerup.) This changed when Villadsen found surprising examples that did
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not fit into these schemes [75, 76].
Villadsen’s constructions involved taking inductive limits of certain se-

quences of matrix algebras over continuous functions over high-dimensional
spaces. Non-triviality of some specific vector bundles propagates through the
inductive sequence by the design of the construction, and this was verified
using the Euler class.

Among examples constructed using refinements of Villadsen’s techniques
we mention the example of Rørdam [71] of a simple nuclear C∗-algebra that
is neither stably finite nor purely infinite, and the examples of Toms [74] of
stably finite simple C∗-algebras that cannot be distinguished by any known
invariant, thus showing that Elliott’s conjecture must be modified.

Brown and Pedersen defined in [21] a notion of zero-dimensionality for C∗-
algebras, called real rank zero, in terms of the existence of sufficiently many
projections, and which coincides with zero-dimensionality in the commutative
case. Many classical and naturally arising simple C∗-algebras are of real rank
zero (even if they don’t at first appear to be “zero-dimensional”), see for
example [11]. Elliott’s classification program has been particularly successful
for the real rank zero C∗-algebras, as witnessed by the famous Kirchberg-
Phillips classification theorem for purely infinite simple C∗-algebras, all of
which automatically are of real rank zero. There is to date no real rank zero
counterexample to the Elliott conjecture.

The examples by Villadsen, Rørdam and Toms of simple C∗-algebras with
exotic “infinite dimensional” behavior described above, all fail to have real
rank zero. We propose to answer the following open questions:

Is every simple C∗-algebra of real rank zero either stably finite or purely
infinite?

Is the K0-group of an arbitrary (simple) C∗-algebra of real rank zero nec-
essarily almost unperforated?

Is every nuclear simple C∗-algebra of real rank zero approximately divisi-
ble? Does it absorb the Jiang-Su algebra?

These questions are very fundamental, and also very hard! The topological
methods, including the use of the Euler class of vector bundles — and, if
possible, other topological invariants — will be crucial in our investigation.

The fundamental importance of the classification of C∗-algebras stems
from its application to operator algebraic models in for instance mathematical
physics, geometry and dynamics. In this context non-simple C∗-algebras
are often encountered. Due to the fact that no canonical decomposition
theory is available, the classification of non-simple C∗-algebras is at a much
less advanced stage than that of simple ones—it is not even known which

17



invariants should be used to classify such objects.
Thanks to Kirchberg’s powerful classification of nuclear, separable, sta-

ble O∞-absorbing (or purely infinite) C∗-algebras up to a decorated KK-
equivalence (see e.g. [55]), the classification problem for this important class
of C∗-algebras is reduced to finding and proving so-called universal coefficient
theorems. This usually involves invoking variations of tools from algebraic
topology. Together with Kirchberg, who will be visiting for 6 months, we are
going to join forces to answer the fundamental question:

How may the K-theoretical invariants for simple C∗-algebras be aug-
mented to arrive at complete invariants in the non-simple case?

The team has made fundamental contributions to the classification of non-
simple C∗-algebras, in particular with Eilers’ use ofK-theory with coefficients
[35], Rørdam’s classification theorems in the purely infinite case [69], and in
the more recent paper [36, 68] by Eilers, his student Restorff, and coauthor,
where automorphism groups of certain Cuntz-Krieger algebras are quantified.
In current work, Meyer and Nest define a general type of filtered K-theory
which they study using methods developed in the context of the Baum-
Connes conjecture [63]. While providing a classification theorem in the case
of a linearly ordered ideal lattice, the work in [63, 64] also demonstrates that
filtered K-theory is not a complete invariant in general.

Scientific Goal (C3): Answer fundamental questions about the structure of
simple real rank zero C*-algebras, and extend the classification of non-simple
C*-algebras.

4 Work plan and detailed timeline

In Section 3 we gave nine scientific goals (A1-3), (B1-3), and (C1-3) which we
propose to solve, or make significant progress on, within the five year period
of the project. Leading up to each overall goal, we listed a set of subgoals,
which will serve as milestones.

Mathematics is a discipline where the exact timing and nature of progress
is very hard to predict. Taking this into account, we propose to work on
our scientific goals simultaneously, while combining this approach of steady
progress with bursts of intense emphasis on particular problems. The follow-
ing presents a plan for this special emphasis for the first three years, referring
to the goals of the previous section:

2009-2010: Main focus:
(A3) Affine p-compact groups (Grodal, Møller + Cohen + 2 postdocs),
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(B1) Riemann Surfaces (Madsen, Wahl, Galatius + Cohen + 2 postdocs),
(C2) Index Theorems (Eilers, Nest, Pedersen + 2 postdocs).
Main visitor: R. Cohen (12 months).
Key words: homotopy theory of loop groups, twisted K-theory, gerbes

and stacks, moduli spaces, Fourier Integral Operators. Interactions!
Key goals: A3, B1, C2. In particular: Affine p-compact groups, coho-

mology of compactified moduli space, index theorem for FIOs associated
to coisotropic cones. Masterclasses: Tautological classes (C. Faber), Loop
groups and Langlands (D. Ben-Zvi) + 3 workshops.

2010-2011: Main focus:
(A1) p-local finite groups (Grodal, Møller + Oliver + 2 postdocs),
(B2) Automorphisms of 3-manifolds (Madsen, Pedersen, Wahl, Galatius

+ 2 postdocs),
(C3) Classification of C∗-algebras (Eilers, Nest, Rørdam, Kirchberg + 2

postdocs).
Main visitors: B. Oliver (12 months), E. Kirchberg (6 months).
Key words: p-local finite groups, manifolds, cobordism categories, stabil-

ity theorems, Elliot program, real rank zero C∗-algebras, C∗-theoretic uni-
versal coefficient theorems.

Key goals: A1, B2, C3. In particular: Classify p-local finite groups, cal-
culate the stable homology of 3-manifolds, prove or disprove Elliott’s classifi-
cation conjecture for real rank zero C∗-algebras. Masterclasses: 3-manifolds
(A. Hatcher), Nuclear C∗-algebras (M. Dadarlat) + 3 workshops.

2011-2012: Main focus:
(A2) Homotopical group actions (Grodal, Madsen, Møller + Benson +

2 postdocs),
(B3) Algebraic K-theory (Madsen, Nest, Wahl + Tsygan + 2 postdocs),
(C1) Baum-Connes conjecture (Nest, Madsen, Pedersen, Rørdam +

Haagerup + Tsygan + Ozawa + 2 postdocs).
Main visitors: D. Benson (6 month), B. Tsygan (6 months), N. Ozawa

(6 months).
Key words: homotopical group actions, topological cyclic homology, KK-

theory and the Baum-Connes conjecture, controlled topology.
Key goals: A2, B3, C1. In particular: classify group actions on products

of spheres, calculate topological hermitian cyclic homology, extend Baum-
Connes conjecture using KK-homological algebra. Masterclasses: Quantum
groups (S. Vaes), Non-commutative manifolds (M. Marcolli) + 3 workshops.

The schedule the following years will be similar, adjusted to reflect the
progress made. We refer to Appendix 3 for detailed information regarding
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workshops, masterclasses, hiring of postdocs and PhD students, etc.

In addition to our academic activities, there will be continuous outreach
activities, aimed at a broad audience; see Appendix 3.
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