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Abstract

Non-local games play a key role in the foundations of quantum mechanics,
in quantum cryptography and in complexity theory. A fundamental ques-
tion on such games, raised by Tsirelson in the early 90s, concerns the way
to describe mathematically the notion of spatial separation in quantum me-
chanics. In recent years, Tsirelson’s problem has been shown to be equivalent
to Connes’ embedding problem, a central open question in operator algebras.
This connection has the clear potential to produce significant advances in the
question by merging techniques from both quantum information theory and
operator algebras. This potential has indeed been materialized already in a
breakthrough result of Slofstra last year. In this talk I will review all this
story, from the original question of Tsirelson to the latest result of Slofstra.

1 Introduction
Tsirelson’s problem is a quantum information problem – we will see it connnects
also well with operator algebras. Simple problem connected to many different
areas. Hopefully this talk will foster collaboration...

Story:
• The EPR (Einstein–Podolsky–Rosen) paradox is a famous thought ex-

periment of quantum mechanics which introduced the notion of hidden
variable, in relation with Physics.

• It was subsquently developped into Bell’s experiment, which checks the
nature of quantum mechanics and especially the existence of local hidden
variables.

• This experiment was in turn performed in by J. Clauser and S. Freedman
(1972) and A. Aspect (1981) with their teams – excluding local hidden
variables as considered in Bell’s experiement.
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Here we consider the following "experiment": two distant observers (Alice and
Bob) each have a box they can view in different ways. Concretely, they have a
series of inputs x ∈ {1, . . . , n}, leading to outputs a ∈ {1, . . . , n} for Alice and
similarly y ∈ {1, . . . , n} and b ∈ {1, . . . , n} for Bob. They can perform the
experiment repeatedly in order to estimate p(ab|xy), but they are not allowed
to communicate directly.

If Nature were ”classical”, we should be able to write:

p(ab|xy) =
∫

Λ
δA(a|xλ)δB(b|yλ)dµ(λ)

This leads to a set C (LHV models).
What happens in the ”quantum case”? In particular, how to model spatial

separation between Alice and Bob? There are two options:
1. Option 1: commuting operators (assoc. to both A and B)
2. Option 2: take the tensor product.

More formally:
1. Commuting case: we have some Hilbert space H of the system, 0 6

P a
x ∈ B(H ) s.t.

∑
a P

a
x = 1 for Alice, 0 6 Qb

y ∈ B(H ) s.t.
∑

bQ
b
y = 1

for Bob, with rel. 0 6 ρ ∈ S1(H ), Tr(ρ) = 1, [P a
x , Q

b
y] = 0 (for all

a, b, x, y) and
p(ab|xy) = Tr(ρP a

xQ
b
y)

get a subset Qc

2. Tensor case: similar situation, with two Hilbert spaces HA and HB, P a
x

acting on HA and Qb
y acting on HB. Set H := HA ⊗HB and:

p(ab|xy) = Tr(ρP a
x ⊗Qb

y)

get a set Qt

Obvious: C ⊆ Qt ⊆ Qc. The strict inclusion C ⊂ Qt is the basis of device
independent quantum cryptography.

In the context of quantum mechanics, we would like to distinguish between
these two options and test them experimentally.

Question: are these sets Qc and Qt are closed?
In fact, we get the inclusions Qt ⊆ Qt ⊆ Qc.

2 Tsirelson’s problem
Simply stated: do we have Qt = Qc?

This question first appeared in a paper by Tsirelson in 1993. It was actually
originally stated as a theorem (without proof!). It was then included in a list
of open problems in 2006 – thus becoming a conjecture. The final step is a
Theorem by Slofstra in 2016, which proves that Qt 6= Qc.

NB:from a physical point of view, the real question is whether Qt = Qc

(because otherwise impossible to distinguish from the experimental point of
view...). So it is also natural to ask whether Qt is closed...
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Theorem 2.1 (Osawa). Qt = Qc iff CEP (Connes Embedding Property) is
true.

This equivalence is not obvious from the original statement, but there
are several different statements and with these it becomes clearer that there
should be a relation.

Definition 1 (Connes Embedding Property – Connes 1976). Every separable
II1 factor is a subfactor of the ultrapower Rω of the hyperfinite II1 factor R.

This way, Connes property would enable us to tell whether the two options
from Physics are (experimentally) equivalent or not!

More on the topic of CEP:
1. Based on Kirchberg (and the speaker, in collaboration) the m-fold free

product of `n∞ represented by π : ∗m `n∞ → B(H ) and these give the
possible measurements of Alice.
To take the tensor product, there are two possibilities – minimal and
maximal tensor products. These two tensor products are equal (min =
max) iff CEP is true.

2. Any vN M has a predual M∗, which is finitely representable on S1(H )
iff CEP.
∀F ⊆ M∗ (finite dimensional), inf{dBM (F,E)|E ⊆ S1(H )} = 1 (where
this is inf{‖T‖ {‖T−1‖|T : F → E linear bijective})

3. (Haagerup-Musat) AQBC (Asymptotic Quantum Birkhoff Conjecture,
originally due to J. A. Smolin, F. Verstraete and A. Winter 2005)

lim
k→∞

dCB(T⊗k, conv(Aut(M⊗k
n ))) = 0

for all factorizable T , limk→∞ dCB(T ⊗ Sk, conv(Aut(Mn ⊗Mk))) = 0

3 About Slofstra’s proof
Ax = b on Z2. x ∈ {±1}n, equation E` x

A`1
1 x

A`2
2 · · ·xA`m

m equivalent to
xk1 · · ·xkr = (−1)b`

[...]
To describe the non-local game we are studying, assume a referee asks

questions to both Alice and Bob. The questions that are asked are, for Alice,
one of the equations E` described above [she must answer with a solution of
the requested equation], and one of the entries of the matrix for Bob. They
win the game if their answers are coherent.

In the classical case, they can win the game with probability 1 iff there is
a solution to the equation Ax = y.

Consider the universal group Γ generated by g1, . . . , gn (where all g2
i = 1),

J2 = 1, [J, gi] = e for all i, [gi, gj ] = 0 if ∃` s.t. ij ∈ V`, gk1 · · · gkr = Jb` .
In this case, we have:

• val(Qt) = 1 iff there is a f.d. representation of Γ s.t. π(J) 6= 1.
• val(Qc) = 1 iff there is a representation s.t. J 6= e.
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Theorem 3.1 (Slofstra). If G is finitely presented, J ′ ∈ G is central, (J ′)2 = e
ω1, . . . , ωn, ω2

i = 1 then there is a solution group Γ with g1, . . . , gn, . . . , gm and
an injective hom. ϕ : G→ Γ with ϕ(J ′) = J , ϕ(ωi) = gi.

Higman’s group: with 4 generators 〈x1, . . . , x4 : [xi, xi+1] = xi+1 for i =
1, . . . , 4〉

NB: in the above, [a, b] := a−1bab−1, the group commutator.
Question:

• Are these groups amenable? It is unclear...
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